This paper presents analytical modeling and case studies of broadband and band-limited random vibration energy harvesting using a piezoceramic patch attached on a thin plate. The literature of vibration-based energy harvesting has been mostly focused on resonant cantilevered structures. However, cantilevered beam-type harvesters have limited broadband vibration energy harvesting capabilities unless they are combined with a nonlinear component. Moreover, cantilever arrangements cannot always be mounted on thin structures (which are basic components of marine, aerospace, and ground transportation systems) without significantly affecting the host system's design and overall dynamics. A patch-based piezoelectric energy harvester structurally integrated to a thin plate can be a proper alternative to using resonant cantilevers for harvesting energy from thin structures. Besides, plate-like structures have more number of vibration modes compared to beam structures, offering better broadband performance characteristics. In this paper, we present analytical modelling of patch-based piezoelectric energy harvester attached on a thin plate for random vibrations. The analytical model is based on electromechanically-coupled distributed-parameter formulation and validated by comparing the electromechanical frequency response functions (FRFs) with experimental results. Example case studies are then presented to investigate the expected power output of a piezoceramic patch attached on an aluminum plate for the case of random force excitations. The effect of bandwidth of random excitation on the mean power and shunted mean-square vibration response are explored with a focus on the number of vibration modes covered in the frequency range of input power spectral density (PSD).
INTRODUCTION
Vibrational energy harvesting has been extensively studied over the past decade for taking advantage of ambient mechanical energy [1] [2] [3] . The driving force of the vibrational energy harvesting research is to power small electronic devices such as wireless sensor networks and eliminate the need of battery replacement and disposal. The conversion of vibration-to-electric energy has been demonstrated with electrostatic 4 , electromagnetic 5 , piezoelectric 6 , magnetostrictive materials 7 , and electroactive polymers 8 . Among these conversion alternatives, piezoelectric energy harvesting has been most heavily research due to their high power density and ease of application 3 .
Research efforts in the field of piezoelectric energy harvesting have been mostly focused on cantilevered beam-type harvesters. Electromechanically-coupled analytical 9 , semi-analytical 10 , and numerical models 11 of resonant harvesters have been developed and experimentally validated under harmonic base excitations for a wide range of electrical loads. Despite the extensive research efforts on harmonic base excitation of resonant harvesters, rather limited research has considered non-harmonic or stochastic broadband random excitations. A number of authors have studied broadband random vibrations of cantilevered beam harvesters with lumped-parameter [12] [13] [14] [15] and distributed-parameter 16 modeling. Random excitation of monostable and bistable nonlinear energy harvesters have also been explored 17, 18 . A patch-based piezoelectric energy harvester attached on a thin plate can be a reasonable alternative to resonant beam harvesters in order not to modify the host plate dynamics and design substantially. Plate-like structures have more number of modes over a low-frequency range, yielding better broadband energy harvesting capabilities. Recently, analytical model of an 1 energy harvester in the form of a piezoelectric patch attached to a thin plate was presented for energy harvesting from thin plates by Aridogan et al. 19 and the current work implements that model to broadband and band-limited random excitation cases. This paper presents the distributed-parameter modeling and case studies of broadband and band-limited random vibration energy harvesting using a piezoceramic patch attached on a thin plate. The effect of bandwidth of random excitation on the mean power and shunted mean-square vibration response is explored with a focus on the number of vibration modes covered in the frequency range of the input power spectral density. In the following, distributedparameter modelling of a patch-based harvester attached on a thin plate is formulated for random vibration energy harvesting. Analytical predictions of electromechanical frequency response functions are experimentally validated for a wide range of resistive load. Finally analytical case studies of broadband and band-limited vibrations are given to investigate the performance of patch-based harvesters. Figure 1 
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 is the permittivity component at constant strain S. Equations (1) and (3) constitute the electromechanically-coupled distributed parameter model of the piezoceramic patch-based harvester attached on a thin plate. Simultaneous solution of these two equations will yield the voltage output across the resistive load and the vibration response of the plate.
Modal Transformation and Electromechanical FRFs
The transverse vibration of a thin plate can be expressed in terms of mass normalized eigenfunctions
for the mn-th vibration mode. By following standard modal analysis procedure, second-order ordinary differential equation for the modal mechanical response
Here, 
Based on the linear system assumptions, if the transverse point-force acting on the plate is harmonic of the form t e F t f and the displacement FRF relates the vibration response to point force input as
Mean Power Output and Mean-Square Vibration Response
Having formulated the electromechanical FRFs, the expected value of the power output (mean power) can be expressed as
if the point-force excitation is assumed to be ideal Gaussian white noise having a constant power spectral density (PSD) value 0 S in the entire frequency band. Similarly, the mean-square value of the vibration response is
in the displacement form. For the case of band-limited strongly ergodic random excitation over the frequency range ] , [
, the expected value of the power output can be written as
and the mean-square vibration is
is the frequency-dependent PSD. It should be noted that the upper frequency limit  must be set to a high value such that the vibration modes contributing to the power output and vibration response are covered.
EXPERIMENTAL VALIDATION
Experimental Setup
In the experimental setup presented in figure 2 , an isotropic piezoceramic patch (T105-A4E-602 by Piezo Systems, Inc.) is employed as a patch-based piezoelectric energy harvester by perfectly bonding on an all-edges-clamped aluminum thin plate. Geometric, material and dielectric properties of the aluminum plate and piezoceramic patch are provided in Table 1 . The bottom and top surfaces of the harvester patch are covered by thin vacuum sputtered nickel electrodes and an electrical load (simply a resistor) is connected to the bottom and top electrode terminals. An electromechanical shaker is used to excite the plate with a sine-sweep signal generated by a signal generator and amplified by a high voltage amplifier (see the shaker's location in figure 2 ). 
Electromechanical Frequency Response Functions (FRFs)
Electromechanical FRFs are experimentally measured using the experimental setup (presented in figure 2 ) and estimated using the electromechanically-coupled distributed parameter model based on the properties given in Table 1 . Figure 3 presents the analytical prediction and experimental measurement of velocity FRF for a resistive load of 1 M (close to open-circuit conditions). Note that, the modal damping ratios used in the analytical model are extracted from the experimental measurement shown in figure 3 by applying the half-power point method at each resonance frequencyIt is clear from this figure that the analytical velocity FRF accurately predicts the experimental measurement near resonance and anti-resonance frequencies. The experimental and analytical voltage FRFs are presented in figure 4 for a set of three resistors with values of 470  k1 M. As can be seen in figure 4 , analytical and experimental voltage FRFs are in very good agreement for a wide range of resistive loads. Hence, it can be concluded that experimental electromechanical FRFs can be accurately predicted using analytical model in the bandwidth from 25 Hz to 250 Hz.
In the next section, analytical case studies are given based on electromechanical FRF formulation validated here to investigate the mean power output and mean-square vibration response for the case of band-limited random force excitations up to 250 Hz. 
ANALYTICAL CASE STUDIES
Case Studies for Band-limited Random Vibrations
To study the effect of bandwidth of random excitation on the mean power output and shunted mean-square vibration response, four different random force excitation signals are simulated in which the frequency band covers particular vibration modes of the thin plate. For the four cases of the force excitation signal, the expected power output and mean-square velocity responses are analytically obtained and presented in figure 6 by performing a resistor sweep from 100 to 1 M. Comparing the expected power output of four different band-limited force excitations having identical standard deviations, it can be noticed that the force excitation in the bandwidth from 150 Hz to 250 Hz produces significantly more maximum expected power output at the optimum resistive load. The reason for extracting more power in this band is due to the excitation of the five vibration modes of the thin plate in the corresponding frequency range and vibration-mode dependent performance of the harvester patch 19 . Noting that the fourth excitation signal's PSD is uniformly distributed over the total band from 25 Hz to 250 Hz, its maximum mean power output is less than the one for the force excitation in the bandwidth of 150 Hz to 250 Hz. One should note that the input PSD levels are not identical ( figure 5(b) ) in this comparison that uses the same standard deviation for the time signals ( figure 5(a) ). As can be observed from figure 6(b) , the mean-square vibration response has the higher values for band-limited random excitation in the frequency range from 75 Hz to 150 Hz as compared to other three excitation signals. It can also be noticed that the optimum resistive load for the maximum mean power output roughly corresponds to the maximum vibration attenuation for all four cases. Another comparison can be made by taking the band-limited PSD values (rather than the standard deviations of time series) to be the same as discussed next. 
Optimal Positioning of the Patch-based Piezoelectric Energy Harvester
In this section, the variation of the expected power output with the position of the harvester patch is analyzed in case of the band-limited force excitation. Analytical random vibrational energy harvesting simulations for the different positions of the harvester patch are carried out to predict the expected power output for a wide range of resistive load and then the maximum mean power output is extracted by determining the optimum resistive load. Note that, the center of the harvester patch (with the dimensions of 72.4 X 72.4 mm) is varied over an area 40 mm in from the clamped ends.
Before analyzing the simulation results, it is worth to explore the strain mode shapes of the plate between 0 and 250 Hz. As pointed out by Aridogan et al. 19 , a patch-based energy harvester can generate much larger power output at the vibration modes where there is a homogenous strain field under the patch. Therefore, for the host plate shown in figure  2 , the analytical first eight undamped natural frequencies and normalized strain fields are presented in figure 8 .
Based on the simulation results, the maximum mean power output of the harvester patch at different locations on the plate is determined and presented in figure 9 . As can be seen from this figure, optimal location of the harvester patch depends on the bandwidth of the force excitation signal. For example, the bandwidth from 25 Hz to 75 Hz excites only the first vibration mode of the host plate and the optimal location is found to be the center of the host plate where the corresponding strain mode shape is the maximum as can be also noticed from figure 8. The second excitation signal (in the bandwidth from 75 Hz to 150 Hz) excites the second and third vibration modes, and the optimal location is found to be near the quadrants of the host plate (it can be also depicted from figure 8 ). For the case of excitation signals (in the bandwidth from 150 Hz to 250 Hz and from 25 Hz to 250 Hz) that excite the higher vibration modes of the host plate, the optimal location of the harvester patch moves the intersection of intermediate strain fields, which can be observed by examining both of figures 8 and 9. 
CONCLUSION
A patch-based piezoelectric energy harvester is a reasonable alternative to cantilevered beam harvesters for harvesting energy from structural vibrations of thin plates without modifying the plate dynamics and design substantially. The distributed-parameter modeling and case studies of broadband and band-limited random vibration energy harvesting using a piezoceramic patch attached on a thin plate were studied in this paper. The electromechanical FRF predictions of the analytical model were validated by experimental results. The effect of bandwidth of random excitation on the mean power and shunted mean-square vibration response was analytically investigated with four different band-limited force excitations. The variation of the expected power output with the position of the harvester patch was also analyzed for all band-limited force excitation cases. It is shown that the optimal location of the harvester patch depends on the bandwidth of the force excitation signal and the modeling framework presented here can be utilized for optimal positioning of the harvesters on plate-like structures for broadband and band-limited random vibration energy harvesting.
